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Abstract 

The hybrid gauge transformation and its nontrivial phenomenological implications are in- 
vestigated using the noncommutative gauge theory with the Seiberg-Witten map expanded 
scenario. Particularly, the e + e~ — > process is studied with a generalized noncom- 

mutative standard model (NCSM) including massive neutrinos and neutrino-photon inter- 
action. In this model, the hybrid gauge transformation in the lepton sector is naturally 
introduced through the requirement of gauge invariance of the seesaw neutrino mass term. 
It is shown that in the NCSM without hybrid gauge transformation the noncommutative 
correction to the scattering amplitude of the e + e~ — > u + u~ process appears only as a 
phase factor, predicting no new physical deviation in the cross section. However, when 
the hybrid feature is considered, the noncommutative effect appears in the single channel 
process. The cross section and angular distribution are analyzed in the laboratory frame 
including Earth's rotation. It is proposed that pair production of muons in the upcoming 
TeV International Linear Collider (ILC) can provide an ideal opportunity for exploring not 
only the NC space-time, but also the mathematical structure of the corresponding gauge 
theory. 
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I. INTRODUCTION 



Although we are still far from a complete theory unifying quantum mechanics and 
general relativity, the noncommutative (NC) space-time is a common feature appear- 
ing in many existing theories of quantum gravity. The concept of noncommutative 



space-time was first introduced in Snyder's pioneer work 



1|. Interest in noncommuta- 



tive space-time has been revived in the recent decades due to its connection to string 
theory 0, [J (for a review, see ^|). It is generally believed that the stringy effect can 
only be observed at the P.arrek sca>e M P . However, gl ve„ the scenario suggested by 
the extra-dimension theories [5] that the large hierarchy between Planck scale Mp 
and the weak scale M\y can be strongly reduced, one can expect to see the NC effect 
at TeV scale, which is detectable in the LHC and other planned colliders. A popular 
noncommutative model is that the NC space-time is characterized by the coordinate 
operator satisfying 

[xp, x u ] id ^ u — 2 , (1) 

1X NC 

where the matrix matrix 9^ u is constant, antisymmetric and real, in units of (mass) -2 . 
The elements of the dimensionless constant matrix c^ v are assumed to be of order 
unity, and A^c represents the NC scale. One can decompose the NC parameters 
9^ into two classes: electric-like component 9e = (#oi> $02; #03) associated with time- 
space noncommutativity and magnetic-like component 9b = ($23> #3i> #12) associated 
with space-space noncommutativity. Through the Weyl correspondence, the quantum 
field theory in NC space-time can be equivalent to that in commutative space-time 
with the ordinary product of field variables replaced by the Weyl-Moyal star product 

0i * 2 (x) = expC^d;dy)M^)My)\y^. (2) 

Using this method, the QED in noncommutative space-time (NCQED) has been con- 
structed and extensively studied by many authors (for a review, see [71). However, 
to build a NC extension of the standard model (NCSM), one encounters some ob- 
structions, such as charge quantization js| and the no-go theorem {9]. Up to now, a 
minimal version of the noncommutative standard model (NCSM) has been proposed 
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in Ref . 10| , in which the consistency problem mentioned above is overcome when one 
generalizes the SU(3)*SU(2)*SU(1) Lie algebra gauge theory to the enveloping alge- 
bra value using the Seiberg-Witten map (SWM) method [3]. The SWM means that 
there is a map between the noncommutative fields and their classical counterparts as 
a power series expanded in 9 

$(x, 9) = i/>(x) + + 6 2 ^ + ... (3) 
A,(x, 9) = A,(x) + 9Af + 9 2 Af + ... (4) 

where ip and denote the fields in NC space-time. The NCSM predicts not only 
NC correction of particle vertex but also new interactions beyond the standard model 
in ordinary space-time, e.g. Z — 7 — 7 and Z — g — g vertices The rich phe- 



nomenological implications have led to intense studies of various high energy processes 
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In the construction of NCSM, the so-called hybrid gauge transformation and hybrid 
SWM of Higgs fields are adopted to ensure covariant Yukawa terms [lo|. In this 
scenario, the Higgs fields feel a "left" charge and a "right" charge in NC gauge theory. 
Although only applied to the Higgs sector in Ref. [10[, the method can in principle 
be extended to all other fields. One of the extensions has resulted in notable new 
ohysics predicted by NCQED: the tree-level interaction between neutrino and photon 



16l | . In NCQED, the interaction between fermion and photon are of three types: 
eA^ * ty, e^fr * A^ and e(A^ * \& — \& * A^). The first two interaction are charge 
conjugated of each other. One can also consider it as the ambiguity in the ordering of 
Weyl-Moyal product. The third coupling is particularly interesting. In this case, the 
neutral particle transforms under NC U(l) gauge field from the left and right sides 
in a similar way as in the adjoint representation in the ordinary non-Abelian gauge 
theory. The covariant derivative is 

b l & = d$-i[A lti v\*- (5) 

Then the action is invariant when \1/ encounters the hybrid gauge transformation 

^' = U * ^ * U- 1 (6) 



where U = (e lA )#. 
extensively explored 



The phenomenology of photon-neutrino interaction has been 



16, 



17] . It is well known that one can not construct interactions 



such as 2eA fl * \I> — * A M in the context of Lie algebra because the covariant 
derivatives can only be applied to the fermion fields of charged 0, ±1 [8|. However, 
as mentioned above, this restriction can be broken by extending the group structure 
from Lie algebra to the enveloping one with the help of SWM, as discussed in Sec. 2. 
We shall see below that this will lead to interesting phenomenological implication. 

On the other hand, the NCSM in Ref. [10|] is constructed without including the 
neutrino mass. However, neutrino oscillation experiments have provided convincing 

n 

evidence of massive neutrinos and lepton favor mixing [18J. Thus it is natural to 
question if the massive neutrinos and its direct interaction with photon as mentioned 
above can accommodate each other in the framework of NCSM. The issue has been 
studied in Ref. 19j. It is found that such an extension does not work for massive 



Dirac neutrino, while massive Majorana neutrinos are still consistent with the gauge 
symmetry. This means we have to accept the photon- neutrino interaction at the cost 



of ruling out the popular seesaw mechanisms |20l . I2l| that successfully generates Dirac 
neutrinos with small mass scale in the standard model and Majorana neutrinos with 
the GUT mass scale. In a recent work 22|, the authors showed that the difficulty 
presented in Ref. 19j can be overcome by appropriately generalizing the NC gauge 
transformation and SWM to a hybrid formation. In this sense, we can construct a 
generalized NCSM including the seesaw model and neutrino-photon interaction. The 
authors in Ref. 22j derived the Feynman rules of photon-neutrino interaction and Z 
boson-neutrino interaction in the NCSM incorporated with type I seesaw mechanism. 
As an phenomenological application, the Z boson decays were studied in a very recent 
work [2 31]. 

It is interesting to investigate if generalization of the NCSM has any nontrivial 
effect on the phenomenology. A first choice is to explore the distinct neutrino-photon 



interaction which has been studied by many authors 



16 



171 ] . In this paper, however, 



we focus our attention on a simple high energy process e + e — » fi + fi . The processes 
has been studied in Ref. [y| using the NC corrected Feynman rules up to 8 2 order. 
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It has been shown that after considering all orders of the Seiberg-Witten map, the 
NC correction to the e + e~ — > appears only as phase factors, leaving no net 



noncommutative effect 15]. In the generalized mNCSM, things are different. As we 
shall see later, the covariant derivatives of leptons require modifications to guarantee 
the gauge invariance of the Dirac-type mass term due to the presence of photon- 
neutrino interaction. We shall see that the modifications will have impact on the 
lowest order gauge coupling of charged leptons and eventually lead to a nontrivial 
NC correction for the scattering cross section. In Sec. 2, we first introduce the 
hybrid gauge transformation by considering the simplest case: the NCQED with 
U(l) Abelian group. Then, we briefly review the NCSM incorporated with massive 



neutrino and neutrino-photon interaction given in Ref. [22J. The relevant Feynman 
rules involving all orders of the NC parameter 9 are derived. In Sec. 3, we give 
the scattering amplitude of e + e~ — > in the laboratory frame where the earth 

rotational effect is considered. Numerical analyses of the total cross section and 
angular distribution are presented in Sec. 4. We summarize our results in Sec. 5. 

II. HYBRID GAUGE TRANSFORMATION IN NC GAUGE THEORIES 

A. Hybrid Gauge Transformation in Noncommutative Abelian Theory 

For simplicity, we start by investigating the Abelian NC U(l) gauge theory. In 
this case, the NC Lagrangian for a fermion ^ is 

S NC = J d A x[ii>^D^> - mM], (7) 

where = dJi> — ieA^ * ^. The action is invariant under the gauge transformation 

&(x,e) = U*if(x,0), (8) 

A'^x, 6) = U* A^x, 6) * U- 1 + -U * U-\ (9) 

where U = (e lA )*. From the view point of gauge invariance, there is no priori require- 
ment that we must take Eq.fjH]) as the only possible representation. In the enveloping 



algebra formulation, the NC gauge theory works well for arbitrary charges. With the 
help of SWM, one can extend Eq.flB]) to the so-called hybrid formation in which the 
spinor ^ proceeds under both "left" and "right" transformation: 

4?'(x,9) = U L *ty(x,6)*U R 1 (10) 

with Ul = (e lA )* and Ur = (e lA ')*. Then the corresponding covariant derivative is 

D$ = 8$ - i(e + e')A^ L * 4? + ie'i> * A^r, (11) 

where we define the "left (right)" NC gauge fields A^ L (A^ R ) transforming as 

i; L (x, e) = u L * A, L ( X , e) * u- L x + j^u L * u~ L \ (12) 



Kr^ 9 ) = Ur* A^(x, 9) * U R l + -U R * U R \ (13) 
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One can think of \& as having a "left" charge e + e' and a "right" charge e'. However, 
A^l and A^r are gauge fields not for different particles but for the different NC 
representations of SWM of the ordinary gauge potential A M . Up to the zeroth order 
of 9, their expressions of SWM are the same: A^l ~ A^ ~ A^r. When the limit 9 — > 
is taken, the NC covariant derivative Eq. (TTTT) reduces to the ordinary one with the 
right electro-charge in commutative space-time. The hybrid feature presented here is 
derived from the degrees of freedom of NC gauge theory. The exact value of e' can 
not be constrained by the NC gauge invariance itself. In the existing literature, the e' 
is set to zero and the electron field \& only transforms as simplest representation Eq. 
dHJ). We believe that existence of more subtle representation is possible, and explore 
the phenomenological implication of it. The argument used in Abelian case can 
easily be extended to more realistic models. In the subsection B, we use a generalized 
NCSM as proposed in Ref. 221 ]. where the massive neutrinos and the photon-neutrino 
interaction is incorporated. 



B. Hybrid Gauge Transformation in Noncommutative Standard Model 



In this subsection, we briefly review the NCSM generalize d by the seesaw mech- 
anism and photon-neutrino interaction. Following the Ref. 22], the action of the 
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generalized NCSM is 



Sgncsm — S gauge + S quar k + Si ep t on + S}ji ggs + Sy u kawai (14) 



where the gauge and quark sectors are the same as that in the NCSM of Ref. [10 ]. 
However, we will see that the lepton, Higgs, and Yukawa sectors are modified to 
incorporate the seesaw mechanism and neutrino-photon interaction. In this paper, 
we only take the simplest type-I seesaw model into account, but the conclusion should 
be qualitatively applicable to other types. For our purpose, the Higgs and Yukawa 
sectors of the leptons are 



+ J d 4 x[(D^ s y * (/><S S ) - /i 2 $l * <S S - A<f>+ * $ s * $t * 

Syukawa S[)i rac -\- S Majorana 
3 

d' x Mh * ^ * Ir) + vlA * ^ * H) 



(15) 



(16) 



f d'x [uM * k * - 4(^ T * * a 2 ^)], 



where we have denoted the noncommutative left handed doublet of leptons, right 
handed singlet lepton, right handed neutrino, doublet Higgs boson and singlet Higgs 
fields respectively as 



*l = L , In, vr, (17) 




respectively, and i, j are the generation indices, and yij, y'^ and tij are Yukawa 
coupling constants. It is noted that in the generalized NCSM, we need not only the 
doublet Higgs fields but also a singlet Higgs fields to ensure the Majorana mass term 
of the right handed neutrino. 

In ordinary space-time, the neutral-hyper-charged pr singlet does not directly 
couple to any gauge field. However, in NC space-time, it can be coupled to the £/*(!) 



hyper gauge field through a star commutator 

D^r = O^Pr - iKg Y [B^ £> R ]*, (18) 

and Or transforms under noncommutative 27* (1) gauge group as 

S A u R = wg Y k * v R - wg Y v R * A, (19) 

where A is the gauge parameter and k is an unknown multiple or fractional number of 
the coupling constant. To ensure gauge invariance of the Yukawa sector Eq. f|T6|) . one 
can see that the transformation rules of the left-handed lepton doublet, right-handed 
charged lepton singlet, Higgs doublet, and Higgs singlet are respectively modified to 

= Wy[{-\ + k)A * j - k j * A], 

5 k l R = ig Y [(-l + ft) A * l R - kIr * A], (20) 
$A®d = i^y[(~2 + * ®d + (1 - * A], 
S^&s = ingyk * <f> s — ingy^ s * A. 

Compared with the configuration in Ref. [10|. not only the Higgs fields but also the 
charged lepton fields show hybrid feature, where the fields transform under the gauge 
potentials from both the left and right sides. Thus, the covariant derivatives of the 
lepton fields are given by 

D^ L = d^L - ig L AlT a * ^ L - (~ + K)g Y B^ * i> L + i K g Y % * B^ (21) 

D^rIr = dJ R - ingyB^ * l R + ingylR * B^, (22) 
where the A° is the SU (2) L gauge potential and the g^ is the coupling constant. Now 




we consider the lepton sector of the generalized mNCSM. Using Eqs. ( !21j) and ( 12211 . 
the corresponding action is 

Slepton = % j d^L^D^L + Ir^D^Ir]. (23) 

The next step is to replace the NC fields in the action with their counterparts in 
ordinary space through appropriate Seiberg-Witten mapping. Usually, the SWM can 
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be derived as perturbative solutions of the gauge equivalence relation order by order. 
Recently, the so-called 9 exact Seiberg-Witten maps involving all orders of the NC 
parameter 9 have been obtained by directly solving the gauge equivalence relation 



22 



24 



25| or using the recursive formation of the Seiberg-Witten map |l5|. Here, 



we just list the results given in Ref. |22|: 



^l = ^l- "—(g L A«T a - gyBfj) • d v * L - 9^k 9y B im * 2 d v * L + 0(a 2 )^ h 
9^ 



Ir = Ir + ^gyB^ • dJ R - 9^K 9Y B fl * 2 dJ R + 0{A 2 )l R , 

vr = vr~ 9^K 9Y B fl * 2 d v v R + 0(A 2 )u R , 
9^ u 

$ d = $>d - —{g L AlT a + gyBj • d v $ d - 9»\k - l)g Y B^ * 2 d„$ d + 0(A 2 )<f> d , 



$ s = ^ s - 9^ng Y B^ * 2 d v $ a + 0(A 2 )$ 



with the extended products • and* 2 defined by 



(24) 



(25) 



The notation 0(A 2 ) means we only consider the SWM to the first nontrivial order 
in the number of gauge potentials. Theoretically, it is difficult to obtain the analytic 
expressions of the higher order terms. We note, however, that for the processes 
e + e~ — > fi + fi~ , the number of gauge fields taking part in each vertex is not more than 
one. Thus, we can omit the higher order contribution. Substituting Eq. ([21]) into Eq. 
(12 3 p and imposing spontaneous symmetry breaking under the unitary gauge, we can 
derive all the needed vertices. The corresponding Feynman rules are 

- icfe** 1 *** - 2ne^ sin{-p 1 9p 2 ) (27) 

for the photon-electron-electron vertex, and 

ie „,„ „ ^ i„.fl„„ 2/tesin6 l l 4/ „ . A 



. -Y(Cv ~ C Al 5 )e^ + — a "V sin(- Pl ^ 2 ) (28) 
sm 29 w cos 9w 2 

for the Z boson-electron-electron vertex. Here p\ (p 2 ) is the momentum of the electron 

ingoing (outgoing) to the vertex; p\9p 2 = p^^p^', Cy = — | + 2 sin 2 9yy, C/ 

9 




Figure 2: The laboratory coordinate system (x-y-z) on earth. 

and 6w is the Weinberg angle. Since we are only concerned with the lowest tree-level 
process, the equations of motion are applied to the particles in the external lines and 
the terms vanish since the on-shell conditions are ignored. The vertex given above 



contains not only an exponent-type NC phase factor from the Moyal product [15[ but 
also a periodic term. The new NC term originates from massive neutrinos, photon- 
neutrino interaction, and requirement of gauge invariance. We shall see that this term 
leads to phenomenological implications in high energy processes. 
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Figure 3: Feynman diagrams for process e + e — > n + ji 
III. THE SCATTERING AMPLITUDE IN LABORATORY FRAME 

In this section, we obtain the scattering amplitude of e + e~ — > fi + fi~ in the labora- 
tory frame. Although carrying the Lorentz index, the NC parameter 9^ is assumed 
to be a fundamental constant, which does not change under the Lorentz transforma- 
tion but does change with the observer frame. One can consider both the electric-like 
vector 9e and the magnetic-like vector 9b to be directionally fixed in a primary, un- 
rotational reference. Thus, the earth's motion should be included when one discusses 
phenomenological processes in the lab frame. Let us define (X, Y, Z) to be the or- 
thonormal basis of this primary system (Fig. [1]). In this frame the NC parameter 
vector can be written as 

9e — -T2 ( sin Ve cos £ e X + sin rj E sin £ E Y + cos rj E Z) , (29) 

9 B = -4-(sin?7£ cos(, B X + smr] B sin£ B F + cosr] B Z), (30) 

where r] and £ denote the NC polar angular and azimuth angular parameters with 
< rj < 7r and < £ < 2n respectively. However experiments are in laboratory frame 
(x,y, z) on Earth (Fig. |2]). We need a transformation matrix to correlate the two 
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coordinate systems. Following the notations in Ref. 



26j . [271 ]. we have 



/ft 

Y 



( 



C a S( + SsSaC^ C S C C S a S C - S<5C a C C 
-C a S ( + CsSaSt; S S( -S a Cf - S 5 C a S ( 



\ 4\ 



V 



(31) 



where the abbreviation c a = cos a etc. is used. The parameters S and a denote the 
location and orientation — | < 5 < | and < a < 27r of the collider experiment. The 
parameter £ is the rotation angle defined by ( = ut, where u is the Earth's angular 
velocity with oj = 27r/23/i56m4.09s. Thus, the collider returns to its original position 
after a cycle of one day. 

The tree-level Feynman diagram for e + e~ — > fi + fi~ is shown in Fig. [3l The process 
is s-channel and proceed through photon and Z boson, like in the standard model. 
Using the Feynman rules in Sec. 2, the scattering amplitude is 

^ 2 1 



7 r 

t;(fc 2 )7^(fc 1 )M(p 1 ) 7 ^(p 2 )[ze5 fe2yfel + 2Ksin(^ 2 ^ 1 )] 

S — 

,1 



(32) 



«e 2 



Pl9p2 



+ 2ftsin(-pi6>p2)] 



for 7 mediated interaction and 

,2 



M, 



—le 



s — m| + iT z 



v(k 2 )Y 



sin 29 w 



(C v - C Al5 )e^ ek i + 2«tan^ sm^hOh)] 



[-^—(C v - C Al5 )e^ ep > + 2Ktan6 w sm(l Pl 6p 2 )}v(p 2 ) 
sin 2c7v^ 2 



(33) 

for Z boson mediated interaction, where k x , k 2 , p\ and p 2 are the four momenta 
of the ingoing electron, ingoing positron, outgoing muon, and outgoing anti-muon, 
respectively; s — (k\ + k 2 ) 2 = (pi +p 2 ) 2 , and Tz is the decay width of the Z boson. 
The total amplitude is 

M = M 1 + M z . (34) 
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In the center of mass reference, 

ki= (f, 0,0, £ 
k 2 = (f,0,0,-f 



. _ v (35) 

Pi = {^y, *y sin 9 cos 0, ^ sin 9 sin0, ^ cos^ J , 



Vi — — ^ sin # cos (ft, — ^ sin 6 1 sin 0, — ^ cos 9j , 

where 9 is the polar angle and <fi is the azimuthal angle with respect to the initial 
beam direction along the z-axis. Using Eqs. (129|) . ( 130|) . (I3TI) and (I33l) . we obtain 

(36) 

P2#Pi = ?2 — ( s i n $ cos 0©e + s i n $ s i n 0@£ + cos ^©s) 

2A Arc , 

with 

0| = s r) c e (c a s c + S^Cf) + s r) s ? (-c a s c + CsS a S ( ) - c v c s c a , 

0| = S^OjCf + s v s^c s c^ + C^C«5, (37) 

Q% = S^C € (s a S ? - S S C a C C ) + S r ,S € (-S a C ? - S 5 C S f ) + c v c s c a . 

One can see that the process e + e~ — > is only sensitive to 9e- Then, the squared 

amplitude under spin- averaging is 



\M\ 2 = |M 7 | 2 + \M Z \ 2 + 2Re(M 1 M ] z ). (38) 
Using the tracing technique, the elements of squared amplitude are 

^4 



I M tI 2 = • Pi) (A* ■ p 2 ) + (h ■ p 2 )(h ■ Pl )]AB, (39) 



e 4 



M Z? = 777 2 xo I ^2 2l [C + (fc2-Pl)(fcl-P2)+C-(fc2-P2)(fcl - Pi)], (40) 



4[(s-m|) 2 + r 



4/ 2 \ 

2Re{M 1 Ml) = 6 _ ^ 2 ~r^2 ^2 1 l D +(k2 -Pi)(h -ft,) + £>-(** -p 2 )(fci (41) 
where 



l m |j 



A = 32 + 128/c(/c- l)sin 2 (^A;i^2), (42) 
5 = 32+ 128k(k- l)sin 2 (ip 2 ^i), (43) 
13 



a 



± 



sin 4 29 



32(C 2 + Ci) 2 ± 128C£C| 



+ 
+ 
+ 



128kGV tangyy //^2 _j_ /^2 i 9/^2 \ _j_ 128k 2 tan 2 6> w 
sin 3 2<V + W± ^WJ H sin 2 2£% 

128kCV tan 6^ { r*2 i /^2 _i_ 0,^2 \ , 128k 2 tan 2 



sin 2 (-fci0fc 2 ) 



sin 3 2%- 



(C 2 +Ci±2C 2 ) + 



D 



512k 2 tan 2 0ty _)_ ^2 \ _ 

sin 2 20 w V U V± U A) sin2e w 

1 

sin 2 (-^ 2 ^i) ) 
32 



sin 29iv 
1024k 3 CV tan 3 W 



-(c 2 v + cl) 



*- + 512k 4 tan 4 9 



ii" 



sm (-P2VP1J 
I 

sin 2 ( y -k 1 9k 2 ) 



± 



sin 2 20 



(Cy ± CD + 



128K(K-0.5)CVtan gjy 64k(C^±2C^) 



sin 2$w 



sin 2 20vk 



sin 2 (^^fc 2 ) 



+ 
+ 



128k(k-0.5)CV tangjg 64k(C^±2C^) 



sin 20;v 



sin 2 2S»-- 



sin 2 (-p 2 6 l Pi) 



256K sinC neW - 128k 2 tan 2 ^ (l + g^)] cos (^1^2) cos(~p 2 Pl 



sm(^k 1 9k 2 ) sin(-p 2 0Pi) 



+ 



256k 2 (1-2k)CV tan 6 W 
sin 20w 



(44) 



+ 128k 2 tan 2 9 W (l + C % ±C J ) + 512k 3 (k - 1) tan 2 9 W 

\ sin 20w / 



sin 2 {-ki9k 2 ) sin 2 (^o 2 6>pi). 



In the calculation, the FeynCalc package of Mathematica 
mass is neglected in the high energy limit. 
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(45) 

is used and the fermion 



IV. NUMERICAL ANALYSIS 

In this section, we analyze the total cross section and angular distribution of the 
process e + e~ — > [i + fi~ in the framework of the generalized NCSM. Because of the 
Earth's rotation, it is difficult to get time- dependent data from the collider, so that 
the observable here should be averaged over a full day in order to compare them with 
the experimental results. The time-averaged differential cross section is 

,da> 1 f Tday da 



d(p T day J d cos 9d<p 
where the differential cross section for the two body process is given by 

d& 1 -nrrr 2 

|M| . (47) 



d cos 9d<p 6Att 2 s 
14 




500 1000 1500 2000 2500 

Ec(GeV) 



Figure 4: The total cross section {o)t after time averaging as a function of E c in ordinary 
space-time and noncommutative space-time for Anc = 800 GeV, rj = | , and k =1.3, -0.2, 
and 0.5. 
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Figure 5: The total cross section {(t)t after time averaging as a function of k for E c = 1500 
GeV, 7] = \ rad, and A NC = 800, 1000, andl200 GeV. 



After integrating, we get the timed-averaged total cross section 

1 rT da y rl r2n r 

a) T = — dt d(cos9) dcj>- — . (48) 

J-day Jo J -I Jo rf COS" 
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Figure 6: The time averaged (^t)t a s a function of (f> for E c = 1500 GeV, k=1.3, r/ 
rad, and A NC = 800, 1000,andl200 GeV. 
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Figure 7: The time averaged (ct)t as a function of rj for E c = 1500 GeV, re=1.3, r\ = f rad, 
and Aivc = 800, 1000, andl200 GeV. 

A. Time averaged total cross section and angular distribution 



In Fig. HI we show the ordinary total cross section <jq and the NC corrected total 
cross section (cr) T as function of the collision energy Ej= y/s) for A NC — 800 GeV and 
K = 1.3, 0.5, and — 0.2. The solid curve corresponds to the SM case. In our numerical 
analysis, we set the location coordinate of the laboratory frame at (5, a) = (f,f), 
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Figure 8: The time averaged (gjpT as a function of rj for £7 C = 1500 GeV, «=1.3, = 5 
rad, and A^c = 800, 1000,andl200 GeV. 

which is the location of the OPAL experiment at LEP. One can find from the figure 
that the NC effect causes significant deviation to the total cross section when E c is 
high enough. Interestingly, here {<j)t is sensitive to both A^c and k. When the NC 
scale parameter A^c is fixed, the total cross section can be enhanced or suppressed 
for different values of k. To see more about this, we present (ct)t as a function of the 
parameter « in Fig. [5]where E c (= y/s) is fixed at 1500 GeV, for A NC = 800 GeV, 1000 
GeV and 1200 GeV. The horizontal line corresponds to the SM case. For simplicity, 
here we assume that k varies between -0.5 to 1.5. The figure shows that for a fixed 
collision energy the cross section has a parabolic dependence on k. Despite different 
NC scale parameters at around 1 TeV, the total cross section is greatly enhanced when 
K is at [-0.5, 0] and about [0.9, 1.5]. If k is at about [0, 0.9], the cross section will 



be suppressed. We note that a similar picture also appears in Ref . [15j , in which the 
deformation of covariant derivatives is due toa priori assumption and only limited 
to the Higgs sector. Thus, in that case no NC effect is manifested in the process 
e + e~ — > fi + fi~ . In Sec. 2, we have shown that the Feynman rules of electron-photon 
interaction and electron- Z boson interaction contain sin-type deformation coming 
from the consistency between the neutrino-photon interaction and seesaw extension 
of SM. As one of our main results, we show that this deformation indeed predicts 
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interesting deviation from the total cross section. 

We plot the the azimuthal angular distribution ^ in Fig E] for A NC = 800 GeV, 
1000 GeV and 1200 GeV. The horizontal line is for the SM case. Here the collision 
energy E c is 1500 GeV and t\—\- One can see from the figure that ^ is anisotropic. 
This is because the space-time noncommutativity is spontaneous Lorentz violation 
and breaking of rotational invariance. In our analysis, all three curves reach their 
maxima at around <fi = 5.58 rad and their minima at = 3.18 rad. This unique 
feature can help us to identify the NC effect from the other effects. 

B. Time averaged total cross section and angular distribution as a function 

of r] 

Since 9e is assumed to be a stationary vector fixed in the primary frame, any 
physical value calculated in NC space-time is not only sensitive to A^c but also to 
its direction parameter (rj, £). After taking the average over a full day rotation, rj 
remains. In Fig. [7J we present the (<t)t and ^ as functions of i], for E c (= y/s) = 
1500 GeV and k = 1.3. The curves show a positive kurtosis distribution for the whole 
range of rj, and the horizonal solid line corresponds to the SM case. The maximum 
NC correction of all curves appear at 77 = 1.53 rad. Thus, one can detect the NC 
effect for any 9e- 

In Fig. El we plot (jg) T as function of rj for A NC = 800, 1000, 1200 GeV. Here we 
fix the at 5 rad, k = 1.3 and collision energy E c = 1500 GeV. Different from (<t)t, 
the minima of the NC corrections are round = 1.53 rad. 

V. CONCLUSION AND DISCUSSION 

In this work, we have considered a generalized noncommutative standard model, 
in which the massive neutrino and direct neutrino-photon interaction are included. It 
is found that the direct neutrino-photon interaction in NC space-time will have effect 
in the lepton sector and introduce hybrid gauge transformation by requiring gauge 
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invariance. As an application, we study the TeV phenomenology of e + e~ — > fi + fi~ 
scattering at e + e~ linear colliding. In NCSM without hybrid gauge transformation, 
it was found that when all orders of 9 are included, there is no NC correction to the 
squared amplitude of e + e~ — > fi + yT process. In the generalized NCSM, however, after 
deriving the corresponding Feynman rules, we find that there are additional sin-type 
deformations compared to the ones given in Ref. 15] . These deformations lead to 
the nontrivial phenomenological implication that the cross section of e + e~ — > fi + fi~ 
process can also have the NC effect, which is potentially detectable in the future 
International Linear Collider (ILC). The Earth's rotation is also included. The cross 
section and angular distribution are analyzed in the laboratory frame. Pair production 
of muons via e + e~ collision in the ILC should provide an ideal opportunity for probing 
not only the NC space-time, but also the mathematical structure of the corresponding 
gauge theory. 

Whether the deformed terms exist and how can one fix the value of k is still an 
open question. This may be because we still have not enough information on the 
renormalizability of the NC quantum field theory, where freedom of the deformation 
terms can be used to cancel the UV divergence [29j. It is expected that further work 
on the renormalizability can remove these ambiguity. Before that one can treat it as 
an effective theory and the phenomenological _study can give constraints on it, as has 
been done in the study of quarkonia decays 

It is feasible to investigate other standard scatterings such as the Moller and 
Bhabha scattering. Although these processes are more kinematically complicated, 
they are ideal cases for detecting noncommutativity between space and space. This 
topic is interesting and deserve further study. 
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